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INEQUALITIES FOR RESIDUALS
OF POWER SERIES: A REVIEW

Milan J. Merkle

Dedicated to the memory of Professor Dragoslav S. Mitrinovié

Let f be a function that can be represented as a sum of convergent
Maclaurin series and let I,(z) = f(z) — ::; ) (O)Ek—lj We give a
survey of inequalities related to I, for f(z) = ¢” and some recent
results regarding other functions.

1. INTRODUCTION

In the celebrated monograph Anralytic Inequalitiesby D. S. MITRINOVIC [17],
there are several inequalities related to the residual of MACLAURIN expansion for
the exponential function:

+00 l‘k
L(w)= > T
k=n+1

The appearance of [17] helped widespreading a general knowledge about these in-
equalities (as it was the case with many other types of inequalities), and a number
of papers have been published since 1970, with their improvements and generaliza-
tions. A revival of interest in this topic occured in recent years, with several papers
concerning [, for exponential and other functions.

In this paper we are dealing with inequalities quoted in sections 3.6.3., 3.6.6.,
3.6.7.,3.6.16. and 3.8.25. of [17] and their subsequent improvements and general-
izations.
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2. RAMANUJAN’S PROBLEM

In 1911, S. RAMANUJAN posed the following problem [22]:
Show that, if x is a positive integer,
1 T, 1 r  z? a:xg
(1) 5¢ = -I-ﬁ-l-i-l-"'—l-g(x),
where O(x) lies between 1/2 and 1/3.
In terms of I,,, this problem can be formulated as
1 n" 1 1

In_l(n)zie”—i—mﬁ fOI' §<6< 5

RAMANUJAN offered a partial solution next year in [23]; a complete solution
was presented by SZEGO [20] and WATSON [24] in 1928. In 1960, KARAMATA [11]
revisited this problem and gave an elegant solution. KARAMATA also provided an
asymptotic expansion for §(x), as defined by (1).

In 1991, MERKLE [14] noticed that KARAMATA’s proof of (1) leads to a more
general inequality

e’ T e 1 . x” 1 1
#=ldt = = 0, -<f<-= 0
r(x)/oe 2 Tt 3<U<y o0

which, in turn, leads to a simple proof of the fact that the median of a chi squared
distribution with « degrees of freedom lies in the interval (e — 1, ) for all & > 1.

3. SOME BOUNDS FOR /I,.

From the TayLoR’s formula it simply follows that

xn+1 xn+1
2 —— < Iy(r) < — €, > 0.
® mrn S s 2
In the section 3.8.25 of [17], the following inequality for complex argument
is given
|Z|n+1

|z C
myi 0 €Y

(3) [n ()] <

with a reference to GARNIR’s book [9]. This can be easily obtained from (2) by
the triangle inequality. In the same section there is a note attributed to P. R.
BEESACK, with the partial improvement of (3) to

(n+2)|z|"*!

() ) S G s 5 =TT

lz| <n—+ 2.



82 Milan J. Merkle

MARTIC [12] in 1975. gives the inequality
|2[*

(n+1)n---(n—k+2)

(B)  a(5)] < Li_k(lz]), z€C, k=1,2,...,n+1
and he shows that (5) is sharper than (3) for |z]| > (n+ 1 — k)!)l/(n+1—k).
In [12] there is also the inequality

x

(n+1)n---(n—k+2)

I, (z) < Ik (), >0, k=12 ...n+1,

which is an improvement over a crude bound from [18]:

I, (z) < fex, z > 0.
n

4. KESAVA MENON’S INEQUALITY AND ITS OMPROVEMENTS

In 1943, KEsava MENON [13] gave the inequality quoted in 3.6.4. of [17]:

Lno1(2) Iny1(2)

1
> -, x> 0.
I, () 2

(6)

Using the equality
" +1

n(#) = b () + o

it can be shown that (6) is equivalent to

" x x2n+1
L2 (x) — 20, (x) = (1 — _
() (x)n' ( n—l—l) nl(n+ 1)! >0,

wherefrom 1t follows that

xn+1 T r?
@ @) > oo (n+2+ (n+1)2+1),

ALZER [1] shows in 1991. that (6) can be improved to

In_a(x)pya(z) - n41

8 , x> 0.
®) L% (x) n+2
From the TAYLOR’s formula we have that
n+1
(9) In(z) = efn(®) = 0< &) <w

(n+ 1)V
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and
Ino1(x)lpa(x)  n41

li = .
Therefore, the constant (n+ 1)/(n 4 2) in (8) is the best possible.

Merkle [15] showed that (8) is equivalent to

(10) u(m)>%(nif”ﬂnil—niz)2+?v(zn++2;))’ T

The inequality (10) is very sharp. If we denote by D(x,n) the difference between
left and right hand side in (10) and

D(z,n)

el‘

bl

R(x,n) =

then it can be shown that R(x,n) tends to zero as either z — 0 or n — +o00. For
example, R(1,5) = 7.5-1077, R(0.5,5) = 3.7- 107°, etc.

The form of inequalities (6) or (8) suggests a logarithmic covexity. Indeed,
(8) is equivalent to the statement that the mapping n — (n+1)! I, () is log-convex
for x € [0, +00) (see [2] or [16]). From this it follows that the mapping « — &, (),
with &, (%) as in (9), is convex, hence

J k
n(®) < ——&op(z) + ——&ngj(2),
6ale) <~ 60kle) + (o)
for any ¢ > 0, n,j,k € N.

In [15] it is shown that the mapping n — I, () is log-concave on [0, +00),

In1(x) ()

(1) e

<1, x > 0.

From (8) and (11) it follows that

Lno1(2) Iny1(2)

3 =1.
n—+o0 In (l‘)
The inequality (11) implies the inequality
xn+1
L, —_—, 0 1.
(x)<n!(n—x—|—1) <E<ns

Incidentally, this inequality was obtained by KARAMATA in [10] by other means.
However, this is a weaker result than (4), indicating that 1 in (11) could probably
be replaced by a smaller constant.

Logarithmic convexity was employed for a further generalization by ALZER,
BRENNER and RUEHR [2]. They considered the expression

Dpp(e)=(n—k+D(n+k+ D 1p(x) — ((n+ 1)!)21n2(x).
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They showed that for a fixed n and z > 0, the sequence {D,, r(z)} is nonincreasing
and convex in k, for 0 < k < n and for a fixed k, it is logarithmically convex in n,
forn >k > 0.

Some of the results of this section follow from Theorem 4 in FINK’s paper [8].
It was shown there that if f is a function defined on [0, T such that for ¢ € [0, 7))

(12)  f(0) = f'(0) == fNV(0) =0, fN)(0) > 0, and fNT (@) > 0,
then
(13) f(ou)(t) .. .f(ocr)(t) > K(a, 3, N)f(ﬁl)(t) .. .f(ﬁr)(t)’
for all t € [0,7] and for all @ = (a1, ...,a,) and 8= (B, ..., 5,) such that
k k r r

ZO@ZZ@, (I1<k<r-1), Z%’:Zﬁi,

i=1 i=1 i=1 i=1
where a; and §; are nonegative integers and

K(a,8,N) = Ul %

It is easy to show that the function ¢t — I,(t) satisfies conditions (12) with

N = n 4+ 1; moreover, Ir(f) = I for 0 < k < n. By taking, for example,
F@) = Ing1(t), r =2, = (2,0), 5= (1,1), we get the inequality (8).

5. EXTENSIONS OF KESAVA MENON’S INEQUALITY

In this section we will consider the residual of MACLAURIN expansion for an
arbitrary infinitelly differentiable function f with all derivatives positive and with
a convergent MACLAURIN series on (—R, R):

+oo k
k=n+1
An analogue of (8) for such a function would be

In_a(x)pya(z) - n41
IZ(x) n+2

(14) € (0,R).

In the paper by MERKLE and Vasi¢ [16], the inequality (14) is proved to
hold for functions f with positive derivatives of all orders at zero and such that the
mapping n — f*)(0) is log-convex. Starting from that fact, they proved that (8)
holds if the mapping n — f(?)(0) is logarithmically convex.
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It can be shown that

Ly (@) g (2) N0 FOD(0) n+ L
(15) Jim, Inz(x-)l— T (feD(0))2 n+2

bl

and this fact leads to the investigation of inequality

o) O VG (Y

r € (0,R).
Clearly, if (16) holds for a function f, then by (15), the constant at the right hand
side of (16) can not be replaced by a smaller constant.

The inequality (16) was investigated by DILCHER [6], who proved that it
holds for all functions with positive derivatives at zero, such that the mapping
n = v (z) is decreasing and convex, where

F(0)
w@)= L 0,
= D)

MERKLE and VasIC proved in [16] that (16) holds if the mapping n — 7, is
logarithmically convex.

Let a, = f(?)(0)/n! and let r, s be natural numbers such that

Ap 41
(@ng1—s)™ G (@ gp1qr) s/ F7)

CHEN [4] proved that if (17) holds then

(17)

1S nonincreasing in n.

An41

(ang1—s)/CH) (ap gy, )8/ (5H7) (In—s (2))"/CH) (L g () 0F),

(18)  In(x) <

for € (0, R).
A special case s = r = 1 of (17) yields the inequality (16).
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