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ON LOG-CONVEXITY OF A RATIO
OF GAMMA FUNCTIONS

Milan Merkle

We prove that the function z — T'(2¢)/¢T?(z) is strictly log-convex and the
function ¢ — I'(2z)/T?(z) is strictly log-concave on = > 0 and we present some

consequences of these results.

1. INTRODUCTION

A positive function f is said to be logarithmically convex (or log-convex) if
the function # — log f(z) is convex. Tt is well known that the logarithmic convexity
is a fundamental property of the Gamma function [2, 3]. This paper continues our
study [7, 8, 9] of convexity and Schur-convexity of functions related to the Gamma
function. For a convenience, let us recall some basic facts about Schur-convexity.
More details can be found in [6].

Given two vectors @ = (21, Za,...,2n) and y = (y1,¥2, ..., Yn) of dimension
n, we say that x is majorized by y if

k n n
l‘[i]fzy[i] fork=1,2,...,n—1 and Zl‘izzyia
=1 i=1 i=1 i=1

where (2[1], 2[2], . . ., ¥[n]) is decreasing rearrangement of coordinates of x. If x is
majorized by y, we write x < y. A function f of n variables is said to be Schur-
convex on A C R™ if

(1) r=<y = flr) < fly for each z,y € A.

If < y implies f(x) < f(y) whenever z,y € A and z is not a permutation of y,
we say that f is a strictly Schur-convex function.
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Let ¢ be a continuous nonnegative function defined on an interval I C R.
Then

n

floy=]Jo@), =xer

i=1
is Schur-convex (strictly Schur-convex), on I” if and only if g is log-convex (strictly
log-convex) on I.

2. CONVEXITY RESULTS

Theorem 1. Define

2 F) = Jia, Gl =

For & > 0, the function F s strictly log-conver and the function G s strictly
log-concave.

Proof. By the duplication formula for the Gamma function
(3) T'(22) = (2m)~ Y222~ Y20 (2)T (2 + 1/2)
(see [1] for example) we have that

_ _1/2020-1/2L (2 +1/2)
F(z) = (27)" %2 /W

and therefore

+o0
(4) (log F(x))" = Z ((x +11/2)2 — 6 j 1)2) >0 forxz>0.

So, the function F is strictly log-convex on (0, +00).
The second derivative of the function z — log G(z) is
5) (log Gi())"” = 4 (22) — 20/ (2),
where ¥ is the Digamma function and
/ = 1
W (z) = ; EE

By the duplication formula (3) we have

4W' (22) = U/ (z) + ¥/ (z + 1/2),
and we find from (5) that

(logG(z))" = ¥'(x +1/2) — ¥'(z) < 0, (z > 0).
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Hence, G is a strictly log-concave function on = > 0.
Corollary 1. For « > 0 and 3 € [0, 1] we have the following inequalities:

T(2e+28)  x+8 (22¢+ 1)\’ T(22)
a+h) - ( e i1 ) ()

(6)

xr xr g xr
) I(2z + 23) S (2(2 +1)) I'(2z)

r2z+p5) — T r2(z)
The equality in both inequalities occurs if and only of 3 =0 or § = 1. For
B3 > 1, inequalities (6) and (7) hold with "<” and ">" interchanged.

Proof. The first inequality follows from Jensen’s inequality
(8) log F(z + 3) < (1 —8)log F(x) + BF(x + 1)

for the log-convex function F' defined in Theorem 1. The second inequality follows
from

(9) log Gz + 8) > (1 — B) log G() + BG(x + 1),

where G 1s the log-concave function defined in Theorem 1. The statement about
equality is a consequence of the strict convexity of F' and the strict concavity of GG
If 8 > 1 then Jensen’s inequalities (8) and (9) are reversed, and so (6) and (7) are
also reversed. 0O

In a special case x = 1, Corollary 1 yields an interesting double inequality

I'(2(1 +8))
I2(1+44)

and the reversed inequality for G > 1.

(10) 67 < <1483 (0<pg<1),

Corollary 2. The function
Fi(z) =logT 2z + 1) —2logT(x + 1)

is strictly conver on & > —1/2.
Proof. Tt is easy to see that Fy(z)” = (log F(z))", where F is defined in Theorem
1. Then from (4) we conclude that Fy is convex on # > —1/2.

Corollary 3. For all x > 1 we have

(2c+1) _ _,

(11) T2z +1) ~

with equality if and only if x = 1. If 0 <z < 1, then

r(2c+1)

(12) m sS4
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with equality of and only if x = 0.
Proof. Inequality (11) is equivalent to

p(z) =logT'(2e+ 1) —2logT(xz + 1) — xlog2 > 0.
For > 0 we have the following:
o' (z) = 2022 + 1) — 2¢(z + 1) — log 2, o (x) = F{'(z) > 0,

where 1 1s the Digamma function and Fy is the function defined in the statement of
Corollary 2. The recurence relation (z+1) = ¥(z)+1/z yields ¢'(1) = 1-log 2 > 0
and by ¢’'(z) > 0 we have that ¢'(x) > 0 for & > 1; therefore p(x) > ¢(1) = 0.
On the other hand, since ¢(0) =0, ¢©'(0) < 0 and ¢"(x) > 0, ¢ must be unimodal.
Then from ¢(1) = 0 it follows that ¢(x) < 0 for 0 < z < 1, which is equivalent to
(12).

Corollary 4. The function
H 2l‘l + 1
T2(x; + 1)
is strictly Schur-conver on @ = (®1,...,&y) € (—1/2,400)".

Proof. By Corollary 2, the function # — I'(22+1)/T'?(2+1) is strictly log-convex
on & > —1/2 and therefore by a result mentioned in Section 1, the function ¢ is
Schur-convex.

3. SOLUTION TO A PROBLEM POSED BY MITRINOVIC AND
PECARIC

The inequality (11) is not very sharp for large #. It can be improved in many
ways. In fact, it is not difficult to show that from

T'(a)T'(b) a®b®
I2((a+b)/2) = ((a+b)/2)+?

(see [4]) with @ = 22 + 1 and b = 1 we obtain an inequality which is sharper than
(11) for # > 1 + ¢ where ¢ can be determined numerically. However, the results
of Section 2 might be interesting from another viewpoint. In [11] the following
problem was proposed: Let @1, 22, ..., 2., x be nonnegative real numbers such that
21+ -+ x, = z. Prove (possibly under some additional conditions) that

ST 1) 1
13 — = < —.
(13) Er(mﬂ)—w
From (12) it follows that (13) is false if 0 < #; < 1 for all ¢ = 1,2,...r. On the
other hand, since
_ r ittt -+

(i‘,x’~..,i‘){(l‘l,l‘z,...,l‘r) i‘:;: " ,
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from the Schur-convexity result of Corollary 4 it follows that

T (w4 1) 2z +1)\"
 Fom < (F(?x—i—l))

i=1

for » > 2 and if not all #; are equal. Hence, a sufficient condition for (13) to hold is

<F2(x+ 1))’” < 1

[(2Z + 1) e’

which, according to Corollary 1, holds if and only if 2 = 0 or & > 1. Therefore,
the inequality (13) holds for nonnegative real numbers if 2/ = 0 (i.e. #; = 0 for
all ¢) or «/r > 1 and the reverse inequality holds if 0 < z; < 1 for all . In the
intermediate case, i.e. when 0 < /r < 1, but with some #; > 1, a computation
shows that neither (13) nor the reverse inequality is generally valid.

In connection with these results, let us note that if ; = m; are integers, then

the inequality (11) yields

2m;)!
(m) ZQS, 5:m1+"'+mna
L ()2

which is sharper than Khintchine’s result in [5] or [10, p. 194]:

n

K3

> 2%,
ml' -

K3

:1
However, both results for integers follow from the inequality

(2m)!

which can be proved by elementary means.
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