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An inequality for residual of Maclaurin expansion

By

MiLAN J. MERKLE and PETAR M. Vasi¢?)

Introduction. Let I, (x) be the residual after the #™ term in Maclaurin expansion of a
function f. |
The 1nequality

In—l(x)1n+1(x)>n 1
I%(x) —n+2

(1)
was proved.in (1], for f(x) = ¢*. This inequality was genéralized in {3] and [4].
The left hand side of (1) indicates that the inequality is connected to logarithmic

convexity of a certain sequence. In this paper we show that inequality (1) holds for a class
of functions f with log-convex derivatives. Further, since

n+1
— n+1) X
I,(x)=f° (‘fn)(n+1)!, £,€(0,x) _
we have
2 Lo L () PO "P0) n

x =0 I3 (x) (f"TP0)* n+2
and this fact opens a question of valhdity of the inequality
Lo (9L (%) SP©O) S 2(0) n+1

I (x) - "TPO)* n+2

Sufficient conditions for (3) to hold were found in [3]. We provide a different sufficient
condition in terms of logarithmic convexity.

(3)

Assumptions and notations. Let f be an infinitely differentiable function at zero with
all derivatives positive, such that its Maclaurin series converges to f (x) for each x (0, R),
R > 0. Let a, = f™(0)/n! be the n-th coefficient of Maclaurin series and let

f(n+ 1)(0)

Apv1 s k
== = , I (x)= a, x".
n a, (n+1)f"(0) %) k=§+1 ‘

Let us first prove an auxihary result.
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Lemma. Let {u,}, n=1,2, ... be a positive sequence. The inequality
p(n—1)¢n+1)
2 = U,
@ (n)

holds for every n=1,2, ... if and only if the mapping
n—an)e(n)=Y¥m

is log-convex, where
1
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Proof. The assertion follows from
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Theorem 1. Let the mappiﬁg ni- " (0) be log-convex (or, equivalently, let (n + 1)y, be
an increasing sequence) for n 2 ny. Then (1) holds for every u = n, and every xe(0, R).

Proof. By Lemma, (1) holds if and only if (n + 1)! I _(x) 1s log-convex with respect to
n. Now note that |

n (D)L G) = X FOR00) 4 Y by xE
k=2

(nt+k) O
where b, , = / O k=2,3,...

n+2) - (n+k)
Since ni—(n + j)~ ' is log-convex for each j, log-convexity of £ (0) implies log-convex-
ity of each summand 1n (4) and therefore the sum 1s also log-convex (see [1], for example).

Theorem 2. Let n— v, be log-convex for n = ny. Then (3) holds for n = ny and x € (0, R)
and this is the best inequality in the sense that the right hand side of (3) can not be replaced
by a larger constant.

Proof. By Lemma, (3) holds if and only if the mapping ni—(n + 1! I_(x)/f"* D (0) is
log-convex. Since
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where ¢, , = DO £2) (TR we see, in the same way as in the proof of
Theorem 1, that the sum (5) will be log-convex if ¢, , 1s log-convex with respect to n for

(5)

Call k, ie.

(6) Cn—1,kn+1,k >1
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It is easy to see that (6) holds if and only if y, 1s log-convex, which ends the proof. From
(2) it follows that the right hand side of (3) can not be replaced by a larger constant.

Remarks and examples. In [3] it was proved that (3) holds if y, is decreasing and convex.
Our condition (y, is log-convex) is easier to check and it holds for all examples mentioned
in [3]. In particular, for Mittag-Leftler functions

Ep™= 2 rd i
we have
n T (n/4)
T F DT (n+ DA

and this is a log-convex sequence due to the fact that the second deriative of the function
x—logx —log(x + 1) + log I' (x/A) —log I' (x + 1)/4) 18

1+ oo 1 1
;El ((x + Ak (x+1 +/’Lk)2) > 0.

f)=—J1—x=—1+ ;(2"_3)”x".

n=1 (2n)!!
Here we have that y, =(2n —1)/(2n + 2) and this is an increasing sequence. Neither
condition from [3] nor the condition of Theorem 2 are satisfied. However, the condition
of Theorem 1 holds; therefore, (1) is valid for this function.

For a hypergeometric function

Let

we have that
(a+ n)(b +n)

T m4+Dct+n)

Vn

If a >1, b = ¢, this expression is log-convex and (3) holds.
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