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On Weak Convergence of Measures on Hilbert Spaces
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The concept of weak convergence of measures on topological spaces depends on
a topology of the space. In this paper we discuss the relationship between weak
convergence of measures on a separable Hilbert space H equipped with w-* and
strong topology. Starting from this point we rederive a well-known condition for
the weak convergence on H, hoping to shed a new light on this matter. © 1989

Academic Press, Inc.

1. DiFrerRENT CONCEPTS OF WEAK CONVERGENCE

Let H be a real separable Hilbert space. Let ||| be the inner product
norm and let {e;}> | be an orthogonal basis with respect to ||-|. We shall
consider two topologies on H:the strong (norm) topology and the
w-* (weak-star, or, what is the same here, weak) topology. Accordingly,
two o-fields can be defined on H: %,—the o-field generated by norm open
sets—and %,—the o-field generated by w-* open sets. It is a well-known
fact that #,=4%,,. So, the concept of measure is not different in these two
topologies. But the concept of convergence is. For convenience, let us recall
the following

DeriNITION 1. Let S be a topological space and p, u, (n=1,2,..)

measures defined on Borel o-field of S. We say that u,, weakly converges to

" p (p, = p) if for every bounded continuous function f: S+ R, the following
holds:

Lf(x)dun(xw Lf(X)d#(X), as n- oo, (1)

DerNITION 2. We say that a set M of measures on S is (weakly
sequentially) relatively compact if every sequence of measures in M
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contains a further subsequence which is weakly convergent in the sense of
Definition 1.

In what follows, H, will denote H with the strong (norm) topology and
H, will mean H with the w-* topology. It is clear that e, —» 0 in H,, but e,
does not converge in H,. Therefore, if u, is a unit mass at e,, then u,
weakly converges in H,,, but not in H.,.

2. SOME RESULTS ON WEAK COMPACTNESS IN H

THEOREM 1. Let {u,} be a sequence of positive measures on H,
sup,, p,(H)=M <oo. If

Up=p in H, (2)
and
lim sup yn< Y L=, ei>2;e> =0, for all £>0, (3)
N on i=N
then
U,=u in H,. (4)

Proof. By Theorem 2.1. in Billingsley [1], we need to show that the
relation (1) holds for every uniformly norm continuous and bounded
function f:H,— R Let us define gy(x)=gyE2,<{x,e>e)=
2L x> e, Then [ gn(x) —gn(W =1L, {x—y,e;> el SNlx—yl,
so g is a uniformly continuous function for every N. Let f be any uniformly
norm continuous real valued function of H,, sup, ., |f(x)| = M,. Define
dy(x)=f(x)—f(gn(x)). Let 5 >0 be fixed. By uniform continuity of f'it is
possible to find ¢ >0 so that ||x — gy(x)||*> <e implies |dy(x)| <, for every
integer N = 1. By condition (3), for such an ¢, one can find N, so that for
every N= N, we have

U, { Y <x, ei>zgs}<5, for every n.

i— N

So, assume that N= N, is given. Then we have

‘ [ 760 it (6= | £g(x)) d, ()] = } [ () du ()
<[ dy(x) du, ()| + | | dy(x) dt ()
xzzi:N<x,e,~>2<s x:Z?C:N(r,e,-)de
<M +2M 5= 6(M +2M)), (5)

and this holds for all n.
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By continuity of f; the fact that g,(x) = x as N - co and the dominated
convergence theorem, for N = N, we have

[Fteno) duto)— [ 10 duto) <5 ©)

Since f(g(+)) is a continuous bounded function on H,, by assumption (2)
we have that for n=>n,.

/ [ £(@ntx)) i)~ [ F(g(x)) dut)| < 5. (7)

where N =2 max(N,, N,) is fixed. Finally, combining (5), (6), and (7) we get
I§f(x) du.(x)—§ f(x) du(x)| S6(2+ M + M,), which gives the desired
result.

THEOREM 2. Let u, be a sequence of positive measures on H,
sup, u,=M < co. Then (4) implies (3).
Proof. For every integer N> 1, the set
tmfe § ooz

i— N

is closed in the norm topology and

A4y, An=4. (8)

i

738

Assume (4). Then by Theorem 2.1 in [1] we have

Tifn—:u'n(AN) < u(Ay). %)

For & >0 arbitrary, but fixed, let N, be such that u(A,,)<8,/2 (it is
possible by (8)). Then (9) gives

H#n(ANo)égl/z‘ (10)

So, there are only finitely many measures, say p,,, fy,, - iy, Such that
HnlAn,) 2 €;. By (8) there is an integer N, > N, such that u,(4y,)<e, for
i=1,..,k Then again by (8) we have sup, u,(4dy)<e, for all N> N,
which proves (3).
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THEOREM 3. Let M be a set of positive measures on H such that sup, . ,
w(H)=M < . Suppose that M is relatively compact in H,. Then M is
relatively compact in H, if and only if

lim sup ,u( Y <x, e,->2;8>=0, for every &> 0. (11)

N pewn i=N

Proof. Let 4 be a relatively compact set of positive finite measures in
H,,. Let u, be a sequence in .#. Then there is a weakly convergent in H,,
subsequence p, = p for some p. Then by Theorem 1, (11) implies weak
convergence of u, in H,.

Conversely, suppose that .# is relatively compact in H, and (11) does
not hold. Then there is an ¢>0, and a 1> 0, such that for every n there
exist an N=n and a u,€.#, so that

un{ i (x, e,->zga} > (12)

i=N

The sequence u, has a weakly convergent subsequence in H,, which,
together with (12), contradicts Theorem 2. Therefore, (11) holds.

3. CoNNECTION WITH KNOWN RESULTS

Let u be a positive finite measure on H. The characteristic functional of u
is defined by f(x) = [ exp(i{x, y>) du(y). It is well known (see [4]) that /
is continuous in so-called /-topology, determined by Hilbertian semi-norms
(HSN) p with the properties > = | p*(e;) < o, p(x)< C| x|, where C is a
constant that may vary with p. If 2 HSN p satisfies the above conditions,
we say that pel Corresponding inner products p(->-) are defined in the
usual manner through p(-). For details on this, see [2-4]. It follows from
the continuity of f that for every ¢ > 0 there is a HSN p u €1 (not uniquel!) -
such that for every xe H:

p(H)—Ref(x)=pj (x)+e (13)

In what follows, p, . will always have the meaning described here. .# will
denote a set of positive measures on H, with SUP, .o p(H)=M < 0.
{P. e} ue . is a set of HSN that, for given &> 0, corresponds to pe.# in
the sense of (13). B, will denote a closed ball in H, with radius r, ie.,
B,={xeH:|x||<r}. If {e;} is an orthonormal basis in H, then for
xeH, x,={x, e

THEOREM 4. . is relatively compact in H,, if and only if for every ¢ >0
there is a set {p,, .} ,c 4> SUch that sup,. , 32 p? (e;) < 0. (14)
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Proof.  Let us first note that Prohorov’s theorem holds in H,. Namely,
since H, is the countable union of metrizable balls B, (r=1,2,..), the
assertion follows from Prohorov’s theorem in metric spaces and a standard
diagonalization argument (see also [5]). By Prohorov’s theorem, the
relative compactness of .# in H,, is equivalent to:

for every ¢ >0 there is an r >0 such that (15)
for every pue #, u(B¢)<e.

We shall show that (14) is equivalent to (15):

(i) Suppose that (14) holds. Let {p, .} be as in (14). Let >0 be
fixed and let N>0 be a fixed integer. Let 4, y={y: TN, (y,e;>2>r}.
For a yed, y, we have 1 —exp(—3Y , (y, e;>%/2r)>1—exp(—1)>1.
So, for every pe .4, the following holds:

<] (1=ex0(= 2 52 ) auty -

N
<ut)=[exp (~ 3 32 ) (),
i=1
Let ¢ be a Gaussian measure on RY: d¥(y) =T, A4, {dy,), where N ;18

Gaussian 40, 1/r*). Then exp(—3N ,»p?/2r?) is the characteristic
functional of ¢; so we have

Jexp (= 3 332 dut)
= LN fH exp <i g yl-x,-) duy) d%(x). (17)

Let fu(x)=[exp(i T, y:x;) du(y). If x=31, x;e;, then fy(x)=F£(x); so
by (13) we have Re fy(x) 2 w(H)—p? (x)—e. Then from (17) it follows:

xp (= 3 93277 du(n) 2 ()~ | p2 ) d9(x)

—uHi) = [ ¥ xxp, (e e) db(x)—¢

Hyj=1

=wH) = (1/r?) L pi fe)—e. (18)

i=
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Now (16) and (18) imply
N N

w3 nedrb<s( L ) free
i=1 =1

Letting N — oo and taking supremum over all ye .#, we obtain

(3 pten)/r+se

i=1

I3

sup u(B) =<3 sup
u

n

so (15) holds.

(ii) Suppose now that (15) holds. For ¢>0 fixed, let B, be the
corresponding ball in the sense of (15). Let f,(-) be the characteristic
functional of pe .#. Then (15) implies

B(H) = Re fy(y) = [ (1 cos<x, ) du(x)
<[ (1—cos<x, p>) du(x)) +2s
B,

<] Gyt +2e
Define p, ., by

PN =) [ Cxny)? dul) (19)

It is not hard to see that p, . is a Hilbertian semi-norm p, (y)<
ru(HY |yl /ﬁ. Moreover,

Y Pl ded =4[ IxI? dutx)<rMp2
i=1 r

so p, €I and (14) holds.

THEOREM 5. Suppose that M is relatively compact in H,,. Then (20) and
(21) below are equivalent:

For every £>0, there is a {p,,},c « such that
imy sup,c « X2 v P, (e:) =0. (20)

For every ¢>0, limysup, . , u(X2 5 {x, ;> >¢)=0: (21)
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Proof.  Assume that (20) holds. Relation (13) implies

Re [ exp(i<x, y>) du(x) 2 p(H) — e~ p2 (3)

Letting y =37 a,e; (a, real numbers, S and N integers, S> N>0) and
integrating with respect to [T7_ \ Aj(da,), where A;~ A47(0, 1) are iid., we
obtain

Jorw (=4 3 <x6)?) dutr)

S
2uH)—e— ) p} .(e). (22)
j=N
Relation (22) holds for every ¢>0, S=N>0, pe.#. Letting S — oo and
using the monotone convergence theorem, we have

Joxp (=1 3 <ne?) dut)

j=N

Zu(H)—e— ), p? (). (23)
j=N
Let 32 ypi (€)= Sk(e); 332 v <{x, éj>2=X(N). Then from (23) it
follows that u(H) —e— S4(e) < [ exp(—X(N)) du(x) < (1 — exp(—4))
WX(N) < A)+exp(—A) u(H), for every N, p, e>0 and A>0. Thus,

sup u(X(N)> 1) <(e+ sup S¥(e))/(1—exp(—1)).

ue A pe A
Letting N — oo and then ¢ — 0 we obtain (21) (with 4 in place of ¢). Note
that in this part of the proof we did not use the assumption that .# is
relatively compact in H,,.

Conversely, assume that .# is relatively compact in H,, and that (21)

holds. As we have shown in the proof of Theorem 4, D, . defined by (19) is
a seminorm satisfying (13). Further,

23 p2de)=] 5 <medtdutx)
i=N Bri=nN

</1,u(H)+r2;t< i {x, ei>2>l> .

i=N

Taking the supremum over pe.#, letting N — co, and, finally 4 — 0, we
obtain (20).
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Remark 1. 1f (14) holds for some choice of {p, .}, ., it need not hold
for every choice. For example, let .# be a sequence of measures, {Pu.c} 2
choice of seminorms for which (13) and (14) hold. Denote P,... by p,, and
let S, =372, pie,). If g°(x) = np*(x)/S,, then {g,} is a choice of Hilbertian
seminorms for which (13) holds, but not (14). A similar example can be
found for (21). '

Remark 2. Relations (14) and (21) are well-known necessary and
sufficient conditions for the relative compactness in H, (sece Parthasarathy
[3]). We have proved here that (14) is the condition for relative
compactness in H,,, whereas (21) is the additional requirement in H,. The
separate condition in H, is useful in cases when we do not need stronger
convergence, for example, when we want to establish the existence of a
particular measure by construction of a sequence of measures that
converges to it.
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