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Introduction

In the work of Polson and Roberts [4] a method for compar-
ison between two diffusion models based on a continuous
version of Bayes Factors is presented. Their method de-
pends on an instantaneous volatility estimate, and it is well
behaved only for constant diffusion coefficient. For a vari-
able deterministic or stochastic volatility, the classical esti-
mate of instantaneous volatility

σ̂2(ti) =
(Xti − Xti−1)

2

ti − ti−1
becomes unstable and it has to be replaced with some
other, more robust estimate. In this work we implement a
Fourier series method of Malliavin and Mancino [2] for es-
timating the volatility function of an Ito process (see also
[3, 5]). In a simulated model, we want to investigate perfor-
mances of Bayesian model selection with stochastic volatil-
ity estimated by Fourier series method. We are primarily in-
terested in showing that the Malliavin-Mancino method can
be used as a robust estimate of instantaneous volatility in
this setup. Our diffusions are models for the time evolution
of a price St of some financial instrument.

Nonparametric Estimation of the Diffusion
Coefficient by Fourier Series

We assume that the price follows an Ito process on an ab-
stract probability space (Ω,F ,P) with continuous (by parts)
volatility function:

dSt = µ(ω, t)dt + σ(ω, t)dBt, ∀t ∈ [0,T], ω ∈ Ω.

For these processes we define the volatility function as
Σ(ω, t) = σ2(ω, t).
We are assuming that we have discrete measurements of
the process in the time points {0 = t1, ..., tn = T}.
Define the Fourier coefficients of dS by

a0(dS) =
1
T

∫ T

0
dSt, ak(dS) =

2
T

∫ T

0
cos

(
2πkt

T

)
dSt

bk(dS) =
2
T
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0
sin

(
2πkt

T

)
dSt

and, as usual, the Fourier coefficients of the volatility func-
tion

a0(Σ) =
1
T

∫ T

0
Σ(t)dt, ak(Σ) =

2
T

∫ T

0
cos

(
2πkt

T

)
Σ(t)dt

bk(Σ) =
2
T

∫ T

0
sin

(
2πkt

T

)
Σ(t)dt.

Based on this definitions we have the following Theorem
from [3].

Theorem 1: For a fixed integer n0 > 0, the Fourier coeffi-
cients of the volatility function are given, for all k > 0, by

a0(Σ) = lim
N→∞

T
N + 1 − n0

N∑
i=n0

1
2

(a2
i (dS) + b2

i (dS)),

ak(Σ) = lim
N→∞

T
N + 1 − n0

N∑
i=n0

(ai(dS)ai+k(dS) + bi(dS)bi+k(dS)),

bk(Σ) = lim
N→∞

T
N + 1 − n0

N∑
i=n0

(ai(dS)bi+k(dS) + bi(dS)ai+k(dS)),

where the convergence above is in probability. �
Having observed a path St, 0 ≤ t ≤ T, the Fourier coeffi-
cients of dS can be calculated using integration by parts,
thus avoiding numerical differentiation of St:

ak(dS) =
2(ST − S0)

T
−

2k
T

∫ T

0
sin

(
2πkt

T

)
Stdt,

with a similar formula for bk(dS).
From Theorem 1 one can reconstruct Σ(t), for all t ∈ [0,T],
using Féjer Formula with the kernel ϕ(x) = sin2(x)

x2 . In fact,

Σ(t) = lim
M→∞

ΣM(t),

where,

ΣM(t) :=
M∑

k=0

ϕ(δk)
{

ak(Σ) cos
(
2πkt

T

)
+ bk(Σ) sin

(
2πkt

T

)}
(1)

and δ is a smoothing parameter. In our application we will
use δ = 0.04.

Model Choice using Bayes Factor

From now on we assume that our Ito process is of the form

dSt = (θ f (ω, t) + g(ω, t))dt + σ(ω, t)dBt,

where θ is a unknown parameter and f (ω, t) and g(ω, t) are
known functions.
Define ST = {St ; 0 ≤ t ≤ T}. Let PST|θ be the law of
ST
|θ and let PM be the measure induced by the process

dSt = σ(ω, t)dBt. So, the likelihood function is given by

l(θ; XT) =
dPST|θ

dPM
= exp


∫ T

0

θ f (ω, t) + g(ω, t)
σ2(ω, t)

dSt−

−
1
2

∫ T

0

[
θ f (ω, t) + g(ω, t)

σ(ω, t)

]2
dt

 ,
and the log-likelihood can be written as

L(θ) = log l(θ) =

=

∫ T

0

θ f (ω, t) + g(ω, t)
σ2(ω, t)

dSt −
1
2

∫ T

0

[
θ f (ω, t) + g(ω, t)

σ(ω, t)

]2
dt.

Under the Bayesian paradigm the model is completely
specified after the specification of a prior distribution for θ.
This prior will be denoted as p(θ). We can calculate the
marginal beliefs for the process as

PXT(A) =
∫

PXT|θ(A)p(θ)dθ, ∀A ∈ σ(XT).

In order to calculate these marginal beliefs given a model
we state the following Theorem [4]:
Theorem 2: Consider the model Mi that evolve according
to

dSt = (θ fi(ω, t) + gi(ω, t))dt + σi(ω, t)dBt

and the prior distribution of θ given the model Mi is N(µi, τ
2
i )

for known hyperparameters µi and τ2
i . Then the marginal

beliefs PXT(XT
|Mi) are given by

2 log PXT(XT
|Mi) =

τ2
i B2

i + 2µiBi − µ
2
i Ai

1 + τ2
i Ai

+ 2Ci− log(1+τ2
i Ai)

where

Ai =

∫ T

0

{
fi(ω, t)
σi(ω, t)

}2
dt,

Bi =

∫ T

0

fi(ω, t)

σ2
i (ω, t)

dSt −

∫ T

0

fi(ω, t)gi(ω, t)

σ2
i (ω, t)

dt

Ci =

∫ T

0

gi(ω, t)
σi(ω, t)

dSt −
1
2

∫ T

0

{
gi(ω, t)
σi(ω, t)

}2
dt.

Now we can define the Bayes Factor between models M0
and M1 as

BF0,1(XT) =
PXT(XT

|M0)

PXT(XT|M1)
.

In our application we will estimate σi(ω, t) using Equation
(1).

An Example - Heston Model

In this section we will consider a slightly modified version of
the Heston model [1] for the log-price Xt = log St:

dXt =
(
θ − α(eXt − X(1 + θt)) −

νt
2

)
dt +

√
νtdBt,

dνt = κ(ν̄ − νt)dt + ξ
√
νtdWt

with dBtdWt = ρdt. Here θ is a parameter of the determin-
istic growth of the price process, and α is a mean-reverting
parameter.
We simulated this model using the following values for pa-
rameters:

X0 ν0 X κ ν̄ ξ θ α ρ

0 0.04 1 1 0.15 0.5 0.02 0.5 -0.7
In order to avoid negative (simulated) volatility the parame-
ters were chosen to satisfy Feller’s condition: 2κν̄ ≥ ξ2.

Figure 1: Evolution of the log-price process

To estimate the volatility we set, in Theorem 1, N = 5000
and n0 = 2, and in equation (1), M = 5000.

Figure 2: True volatility function (blue), Estimated volatility
function (red)

Consider the models:

M0 : dXt =
(
θ −
νt
2

)
dt +

√
νtdBt, θ ∼ N(0, 1)

Mα : dXt =
(
θ − α(eXt − X(1 + θt)) −

νt
2

)
dt+
√
νtdBt, θ ∼ N(0, 1).

The Bayes Factor between Mα and M0 is given by

BFα,0(XT) =
PXT(XT

|Mα)

PXT(XT|M0)
.

Figure 3: Bayes Factor for different values of α with true
θ = 0.02.

Figure 4: Profile log-Likelihood function for θ = 0.02 and
different values of α

Conclusion and Future Work

We presented a method developed by Malliavin and Man-
cino [2] for estimation of the volatility function of a semi-
martingale. We used this estimate to compare stochastic
volatility models using generalized Bayes Factors [4]. The
results appear to confirm the good properties of the de-
scribed volatility estimator, for the case of stochastic volatil-
ity.

As a future work we attempt to use real data from financial
market and to introduce a prior distribution to the parameter
α. With real data it would be interesting to investigate the
effect of the “market microstructure noise”, as described in
[6] in a context of realized volatility estimator.
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