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Abstract
We prove an analogue of Jensen’s inequality, with medians instead of means. A novel definition of a
median is given, which allows a natural extension to higher dimensions.
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1. An analogue of Jensen’s inequality for medians

For any random variable X with a finite expectation EX and for any convex function f, it holds
that f(EX)<Ef(X). This is one version of famous Jensen’s inequality, which plays a significant
role in probability and statistics. It is natural to ask if the expectation can be replaced with some
other kind of mean value. In this work, we present an analogue of Jensen’s inequality, where
expectation is replaced by median, and we show that this inequality holds for a class of functions
that contains convex functions as a proper subset. The main tool in derivation of the inequality is
a new characterization of a median, which turns out to be suitable for extension to multivariate
distributions. The number of known inequalities regarding medians, unlike expectations, is very
small, probably the best known is mean-median-mode inequality (see Basu and DasGupta, 1997;
Dharmadhikari and Joag-Dev, 1988), and this paper is a contribution to the topic.
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For convenience, we start with the definition of a median.

Definition 1.1. Let X be a real-valued random variable with distribution function F. A median of
X (or a median of F) is any real number m which satisfies the inequalities

P(Xsm)z% and P(XZm)Z%, (M
or, equivalently,
Fom>) and Fon)<l @

For any random variable, the median is either unique, or there exists a closed bounded interval
[a, b], such that all points of [, b] are medians.

We will use the notation m or Med(X) for any median of X.

Lemma 1.2. Let X be a random variable and let I be a closed interval.

O IfPXel)= %, then at least one median of X is in I.
(1) Suppose that I has the following property: If J is any closed interval such that I is a proper subset
of J, then P(J) >%. Then I contains all medians of X.

Proof. (i) Let F be the distribution function of X. If I = (—o0, b], then F(b) =1 by assumption,
and so, b is a median of X. If I = [a, +00), then F(a_) = % and again it follows that a is a median
of X. If I = [a,b], then F (a_)<% and F (b)>%, hence, at least one median of X is between a and b.

(i1) Suppose that m is a median of X and m¢ I. The assumptions imply that there exists a closed
interval J D I, such that P(X € J)> % and m¢J. Then J is disjoint with one of sets 4 = [m, +00)
or B=(—o0,m], and so either P(X € A)<3} or P(X € B)< 3, which implies that m is not a
median. Therefore, all medians of X arein I. [

Definition 1.3. A real-valued function f, defined on R, will be called a C-function if for any ¢ € R,
the set

[N (=o0,) = {x e R | f(x)<1)

is a closed interval, a singleton, or an empty set.

Remark 1.4. A function f is lower semicontinuous if /' ((—oo0, 7]) is a closed set, for any ¢ € R.
Thus, any C-function is lower semicontinuous on R, and so (Schechter, 1997),
J(x)<lim inf,_, . f(y), for any x € R. In this special case, however, we have a stronger property
described in the following lemma.

Lemma 1.5. If f is a C-function, then finite left and right limits exist at any point x € R and

SO < min(f (x-),f (x4).

Proof. Suppose that / does not have a left limit at some point x € R. Let / and L be left inferior
and superior limit, respectively, /<L. Then for any € (I, L), the set f~'((—oo,1]) is not an
interval, because in any left neighborhood of x, there are points x” with f(x’) > ¢, as well as points
x" with f(x"”)<t. Therefore, f is not a C-function. The same argument holds for the right limit.
Hence, any C-function has left and right limits at any point. Let us show that they are finite.
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If f is a C-function, then due to Remark 1.4 above, the left and right limits at any point must be
greater than —oo. Suppose that f(x_) = 400 for some x. Let x¥'<x and f(x') = K. Let Ix =
/~(=00,K]). Then x’ € Ix, and there is an interval (x — J, x) which is not in I¢. Since I is an
interval, it follows that f(x)> K. However, X’ can be chosen in such a way that K is arbitrary
large, so it follows that f(x) = 400, which is a contradiction. A similar argument shows that
f(xp)< 400 O

Lemma 1.6. If f is convex on R, then it is a C-function.
Proof. Forany 7€ R, let I, = f~'((—o0, 7]). If a,b € I,, a<b, then for any . € (0, 1), we have that
fla+ 0 —=0b)<if(a)+ (1 = Af (D)<t + (1 — Dt =1,

hence Aa + (1 — A)b € I, and therefore, I, is an interval. Since any function convex on R must be
continuous (see Mitrinovi¢, 1970), I, has to be a closed interval. [

Other examples of C-functions 1.7. It is easy to see that any monotone and continuous function is
a C-function. Further examples include functions x+|x — a| & |x — b|, for any real a, b. Finally,
any continuous function which is nonincreasing on (—oo, ) and nondecreasing on (8, +00) is a C-
function, for a fixed 0. This property is satisfied with any loss function x+ L(x, §) which is of use
in statistics.

Theorem 1.8 (Jensen’s inequality for medians). Let f be a C-function and let X be any real random
variable. If Med(X) = m is unique, then

S(m)<Med f(X), 3)
where Med f(X) is any median of f(X). If Med f(X) is unique, then (3) holds for any median m of X .
In general, for any median of f(X) there exists a median m of X such that (3) holds.

Proof. Let M be a median of f(X), and let I, = f~'((—o0, M]). Then

P(X € L) = P(/(X)< M) >},

and, by Lemma 1.2, there exists a median m of X in [, which yields f(m) < M. So, we proved that
for any median of f(X) there is a median of X such that (3) holds, which, in particular, implies
that, if Med(X) is unique, then (3) holds for any median of f(X). Now suppose that M =
Med f(X) is unique. Then I, has the property as in (ii) of Lemma 1.2, and, consequently, it
contains all medians of X, which means that (3) in this case holds for all medians m of X. [

2. A characterization of median

Theorem 2.1. For any random variable X, the set of its medians (a point or a closed interval)
coincides with the intersection of all closed intervals I that have the following property: If J is any
closed interval such that I is a proper subset of J, then P(J)>%.

Proof. Let I, denote the set of all medians of X. It is proved in (ii) of Lemma 1.2 that I, C I, for
every closed interval I that has a property as stated in the theorem. On the other hand, if
Iy = [a,b], a<b, then intervals (—oo,b] and [a, +00) both have the stated property and their
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intersection is I ;. This shows that the intersection of all such intervals is a subset of 1,,, and the
proof is finished. [

Remark 2.2. Theorem 2.1 gives a novel possibility of extending the definition of medians in higher
dimensions. There have been many attempts to extend the concept of median to multivariate
distributions or data (see Chakraborty and Chaudhuri, 1996; Small, 1990 and references therein).
We need a definition and a technical lemma before proceeding further. In d-dimensional
Euclidean space R? we will denote the points by x and their coordinates by x;, i = 1,...,d. The
space R? together with all points x with x; = fo0 for some 7, will be denoted R”.

Definition 2.3. Let a, b be two points in R’. A subset I of R will be called a closed interval, to be
denoted by [a,b], if

I ={(x1,...,xq) € RY | a;<x;<by, i=1,...,d).

If a;, b; are finite for all i = 1,2,...,d, the interval is compact.

For example, in R?, closed intervals are all closed parallelograms with sides parallel to axes, as
well as all sets that can be obtained from such parallelograms by letting one or more side lengths
to converge to infinity or to zero. In particular, any point, or a line parallel to one of axes, or an
empty set, are closed intervals.

In R", we can introduce a partial order by

asbh < ag;<b;foralli=1,...,d.

Then the closed interval [a,b] can be defined as the set of points x such that a<x<b. See
(Schechter, 1997, pp. 78-80) for more properties of intervals.

Lemma 2.4. Let .4 = {I, = [a*,b*],a € A}, be a collection of closed intervals in RY, where A is an
index set. Assume that there is at least one o such that [a*,b*] is a compact interval. If I, "1 #9 for
each o, p € S, then the intersection of all sets in .9 is a non-empty compact interval [a,b], where a and
b are finite points.

Proof. Suppose that each two intervals in .# have a non-empty intersection. This implies that each
interval is non-empty, that is, a* <b*, for any a« € A. Further, it is easy to see that intervals I, and
I, «# f have a non-empty intersection if and only if a* <b” and a# <b*. Hence, it follows that for
each o,/ € A and each k= 1,...,d, we have that

a; < b,é.
Now, let
ay = ?;Ea%’ by = ilelgb%’ k=1,...,d.
From the assumptions it follows that both a; and by are finite for all k. Let a = (ay,...,ay) and

b = (by,...,bs). Then [a,b] belongs to all intervals in .#. [

Lemma 2.5. Let X be a random variable with values in RY. Let .7 be the family of all closed intervals
with the following property: If J is any closed interval such that I is a proper subset of J, then
P(X € J)>%. Then the intersection of all intervals in ¥ is a non-empty compact interval.
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Proof. Clearly, for any random variable X, there exists a compact interval I such that P(X €
I >%; then I € 4. Due to Lemma 2.4, we only need to show that each two intervals in .# have a
non-empty intersection. Indeed, suppose that 7,7, € .# and that /; N I, = @. Then there exist two
closed disjoint intervals J; and J, with the property that P(X € J ,»)>%, which is impossible.

Definition 2.6. Let X be a random variable with values in RY. The intersection of all sets of the
family .# as in Lemma 2.5, is called median set of X. The median set is a non-empty compact
interval (in the sense of Definition 2.3), which can degenerate into a line or a point.

Properties of median sets and their determination in multivariate distributions and data sets will
be investigated in a separate work. Here we will use the above definition to discuss an extension of
Jensen’s inequality in a multivariate setup.

Jensen’s inequality for medians—multivariate case 2.7. Jensen’s inequality for medians—
multivariate case In view of previous work, Definition 1.3 can be adopted to describe a real-
valued C-function defined on RY, d>1. However, here we lose a connection with convexity,
because a convex function need not be a C-function. For example, the function (x, y)— x> + ) is
convex, but not a C-function. By inspection of the proof of Theorem 1.8, one can see that the
theorem holds for any multivariate random variable X and any multivariate C-function, where
Med(X) is defined as in Definition 2.6.
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